Abstract. S. B. Rao conjectured that graphic sequences are well-quasi-ordered under an inclusion based on induced subgraphs. This conjecture has now been proved by Chudnovsky and Seymour. We give an independent short proof of the labelled version of the almost bounded case of S. B. Rao's conjecture, the case where we have a bound on the degree, but allow a bounded number of vertices to have unbounded degree.
A quasi-order is a pair (Q, ≤), where Q is a set and ≤ is a reflexive and transitive relation on Q. An infinite sequence q 1 , q 2 , . . . in (Q, ≤) is good if there exist i < j such that q i ≤ q j . An infinite sequence q 1 , q 2 , . . . in (Q, ≤) is perfect if there exist i 1 < i 2 < . . . such that q i1 ≤ q i2 ≤ . . .. A quasi-order (Q, ≤) is finite if the underlying set Q is finite. A quasi-order (Q, ≤) is a well-quasi-order (WQO) if every infinite sequence is good. It is not hard to show that every infinite sequence in a WQO is perfect. For a very readable introduction to well-quasi-ordering, we point to [3] .
is a graphic sequence and q i ∈ Q for 1 ≤ i ≤ n is called a Q-labelled graphic sequence. A Q-labelled graph is a pair (G, f ) where G is a graph and f : V (G) → Q is a function. A Q-labelled graph G is an induced subgraph of a Q-labelled graph H if there exists an injection φ : The unlabelled version can be thought of as a special case of the labelled version by choosing Q to be a one-element set. It is not hard to show that ≤ is both reflexive and transitive. S. B. Rao [7] Key words and phrases. Degree Sequence; S. B. Rao's conjecture; Well-quasi-ordering. sequence of graphic sequences, then there exist indices i < j such that D i ≤ D j . S. B. Rao's conjecture has now been proved by Chudnovsky and Seymour [2] . We will be interested in the almost bounded case of the problem. The bounded version of the conjecture is a natural special case. The proof of Chudnovsky and Seymour for the general case uses three ingredients, one of which is the rooted version of the bounded case (cf. Section 6 in [2] ). Several short proofs of the bounded case are known (see [1] , [8] ). In this article we present an argument that allows labels from a WQO and works even when there are a bounded number of vertices of unbounded degree. More precisely, we prove the following. We will prove Theorem 2, a restricted version of S. B. Rao's conjecture, by using Higman's Finite Sequences Theorem. We use the fact that if the number of entries in an integer sequence (with even sum) is much larger than its highest term, then it is necessarily graphic [9] . A proof of Proposition 3 using the Erdős-Gallai Condition for an integer sequence to be graphic can be found in [8] .
Finite quasi-orders are WQOs. In particular, if N is a positive integer, the set {k ∈ N : 1 ≤ k ≤ N } with equality as the relation is a WQO. We will denote this WQO by [N ] .
Let n be a positive integer. For 1 ≤ i ≤ n, let (Q i , ≤ i ) be a quasi-order. The Cartesian product of the n quasi-orders is (Q 1 × . . . × Q n , ≤), where (a 1 , . . . , a n )
It is not hard to show that if all (Q i , ≤ i )s are WQOs, then so is their Cartesian product. We will refer to this fact as the Cartesian product theorem. This theorem is a very special easy case of an important result due to Higman. If (Q, ≤) is a quasi-order, then consider the set of all finite sequences of elements of Q with the following ordering: (a 1 , . . . , a n ) ≤ H (b 1 , . . . , b m ) if there exist 1 ≤ i 1 < . . . < i n ≤ m such that for all 1 ≤ k ≤ n, a k ≤ b i k . We will denote this quasi-order by (Q <ω , ≤ H ). Higman proved the following beautiful and extremely important theorem.
To prove Theorem 2, we need a lemma. . .. We restrict to that. If the length of the sequences {C i }s is bounded, then we clearly have an inclusion. If not, let C j be such that the difference in the length of C j and C 1 is at least N 2 . By using Proposition 3 we conclude C 1 ≤ C j .
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We are now ready to prove Theorem 2.
Proof of Theorem 2. Let G i be a graph realizing D i . We may assume that each G i has at least N vertices. Let us rename the N largest degree vertices of each G i as x 1 , . . . , x N . Since there are only finitely many non-isomorphic simple graphs on N vertices, we may assume that G i |{x 1 , . . . , x N } is the same for all i. By the Cartesian product theorem, we may also assume that the labels for each of the vertices x i is increasing. The set of subsets of {x 1 , . . . , x N } with set equality as the relation is a WQO, and we will denote this by 2 N . Now consider the (Q × 2 N )-labelled graphic sequence D Higman's theorem is undoubtedly the most important basic result in the theory of well-quasi-ordering. It inspired Kruskal to prove his famous tree theorem, and motivated Robertson and Seymour to prove their celebrated graph minor theorem. For more on the history of the theory of well-quasi-ordering, the reader is directed to a wonderful survey by Kruskal [6] . In [8] , it is shown that Higman's theorem is not needed to prove the bounded case of S. B. Rao's conjecture. In this article we have demonstrated that the almost bounded case follows easily from Higman's theorem. The proof of S. B. Rao's conjecture given in [2] uses Higman's theorem, but it is not the only main ingredient. It is not clear whether the general case can be obtained from Higman's theorem in a few easy steps.
